Homework 8: on L? spacecs (50/50)

Some of the following questions will be graded. Do them, and do hand them in.

—4" Barely in L' fYER %L

Find a function f € L'(R?°?%) such that f ¢ LP(U) for any p > 1 and any nonempty open subset U C R2025,
Hint: see HW5(g).
Sol. Recall Hw 5(g):For « € (0, 1), define go,: R = Rby go(z) = (1 —a)z ™ for0 < x < 1 and g,(x) =0

otherwise. Let (x,,),, be an enumeration of the rational numbers, and define f: R — [0, o] by

o0
= Z 27"g1n-n(® — zp)
n=1

We have proved f has the following properties:
o [ is Lebesgue integrable and [, | f| dm = [ f dm < oo;
o [ 1 JP dm = oo forall p > 1, for all open interval [
Now we continuing this definition of f, and further define:

F:R* 5 R
2025

(z1,-- ,2025) = H f(z5)
j=1
Claim 1: F € L'(R%0%),

To prove this, we just need this lemma.

If f is M-measurable, g is N'-measurable, then fg is (M ® N')-measurable.
Particularly, if f € L'(u), g € L'(v), then fg € L'(n x v) and

/fgd,MV (7w ) (o)

It seems like we have not proved this yet so here let’s prove it.

of Lemma: Define
h:= fg

Note
p:(u,v) = uv

from C? — C is a product of two coordinate maps, thus is measurable since coordinate map is measurable, and
product of two measurable functions is measurable.
And

7 (x,y) = (f(2),9(y))



from X x Y — C?is (M ®@ N, C?)-measurable, since for any measurable rectangle By x By € C2, we have
7r_1(B1 X Bgy) = f_l(Bl) X g_l(Bg) € A® B as ameasurable rect

Thus h = 7o pis (M ® N')-measurable, as a composition of two measurable functions.

To show the second statement, it suffices to assume f, g takes positive real values, since otherwise we can
decompose f, g into their real and imaginary parts, and for each part decompose them into positive part minus
negative part.

Take two seq of simple functions approximating f, g respectively from below, say:
K

Sn(x) = Qf XAk( Z bl XBl
k=1
their product on X x Y is

K L
=Y arbixagxs (@, y)
k=1 1=1

By definition of the product measure ;o X v, we have

(,u, X I/) (Ak X Bl) = /,L(Ak) V(Bl)

Hence
n(Z)tn by p(Ag) v(B
/Xxys (z) tn(y)d(p x v) Zak 1 w(Ag) v(By)
= (Z ay M(Ak)) (Z by V(Bl)>
k !
= () (o)
Since sy, (z)  f(x) and t,(y) , we also have s,t,  fg, thus by MCT we have:
hm/ Spdp = /f, hm/t dl/—/
and
i [ @) ta)dux ) = [ fgdiux)
nJXXY XxY

Then, since the right side are two finite positive reals, we have:

/Xxyf(@g(y) (1 xv) /fdu /ng><oo

Thus h = fg € L'(u x v)

After proving the Lemma, we can extend it to the product of any finite number of functions. Applying it, we get
Fe LI(R2025)

Then, we take arbitrary open set U C R?Y25 and arbitrary p > 1, and fix it.

Claim 2: F ¢ LP(U). Sine U is open in R?°?° it must contain an open ball, thus must contain an open box

(e.g., the one internally connected in the open ball), say I1 X --- X Ip25.

Suppose for contradiction that F' € LP(U).

Then by monotonicity of integration:

/ ‘F|p d(l‘l, ey 1‘2025) < / |F|p d({L‘l, . ,$2025) < 0
I1 X+ X I2025 U



Then by Fubini’s Thm we have:
2025 2025

/ [T £GP dlon . soa) = T [ 156l doy < o0
TyxxTz025 51 =171

Since for each I, we in hw 5 proved that:

[ 1 de; = o

This contradicts with what we got. Thus we must have F' ¢ LP(U).
This finishes the proof.

L? norm version of LDT

Let 1 < p < co. Suppose that f € LP(R). Prove that

T+r
lim — / ) — F@)P dy =0

-7

for a.e. x.
(Hint: Follow the proof of the Lebegue Differentiation Theorem when p = 1, i.e. approximate f by g € C.(R)
satisfying || f — g||, < e. Atsome point, use Minkowski’s inequality; note that we have |a + b| < |a| + |b], but
we don’t have |a + b|P < |a|P + |b|P for p > 1.)

Claim 1: The statement is true for f € CO(R").
Proof of Claim 1:Let f € CY(R), then it is uniformly continuous on any compact set, thus uniformly continuous
on an open ball, since its closure is compact.

Therefore, let € > 0, then there exists 6 > 0 such that
ly—z|<d = |f(y)— f(@)] <e

Thus
|f(y) — f(x)|P < €” whenever |y—2x|<d

Now fix z € R, and take r < . Then,
1 x+r

1 x+r
il _ Py < — P dy = €P
5 | W= Py <5 / BETEE
Since this holds for all < 4, we get:
1 T+
iimsup o [ 17() - S dy < @

r—0 r xr—7r

Since € > 0 was arbitrary, this proves claim 1:
) 1 x+r

i o [ 1)~ S@)Pdy =0

r—r

Next we will prove the general case.

Step 1: Translate the problem into proving the measure of disqualified points is zero, for which we can
use arbitrary error bound.

Define for each x € R, r > 0:

x+r
Qlar) = / F@) = F@P dy =17 XB,0) — F@)xB,02

-r



And then we define for each z € R:

RPN € €0 i
Qz) == hﬂ?ip W

Then what we want to show is just:

m({z: Q(x) > 0}) =0

which is equivalent to show:
m({zx:Q(x) >a})=0 foralla >0

Fix oo > 0. It suffices to show: for any € > 0, we have:

m({z: Q) > a}) < e
Now fix € > 0. Take g € C2(R) s.t. || f — g, < €. This can be done, by the density of CO(R) in LP(m).
Step 2: Bound the lim, Tlr )
ineq; thus bound the measure of disqualified points by two c-controllable sets

"+ f(y) — f(2)|P dy by e-controllable expressions, using Minkowski’s

Tr—r

Define for each x € R, r > 0:

x+r
Q) = / F@) — F@P dy = 1 Fxs,0 — F@)xa, w0l

-Tr
This is nonnegative. And since |f — f(x)| is measurable and L? (since | f|is LP), |f — f(x)[P is L', and thus,
recall we proved in lecture that Q(z, ) is jointly continuous in r and z.

By triangular ineq

x+r
Q< ([ (1500 - 9] +1ao) - )] + le) ~ 1) )
Then by Minkowski’s ineq:

1/p

Qa, )P < | fXB,@) — 9B @) Ip + 119X B, @) — 9@)XB, @)l + 19(@)X B, @) — F@)XB0()1p
Thus
1/p _ _ _
lim sup Q(mﬂ‘l) < limsup IfxB 1ngHp 4 lim sup lgxB ggw)XBHp + Jim sup lg(z)xs if(x)XBHp
r—0+  (2r)l/P r—0+ (2r)t/p r—0+ (2r)t/p r—0+ (2r)l/p
_ Jimsup 1 fxB —9xalp + lim sup lg(x)xB — f(@)xBllp
r—0+ (27“)1/p r—0+ (2T)1/p

Since we already proved the middle one of the three norms is zero, as continuous funciton with cpt supp.

Step 2: Reduce the statement to For simplication of notation, we also define for each x € R:

. 1/ XB.(x) — 9XB. @) llp : l9(z)xB, (=) — f(@)XB,(@)llp
M(x) := h:ggt}rp (217 , Ms(x) = h:ri(s)lip (@)

By the ineq we obtained, we have:

{z:Q(z) > a} C {z: Mi(z) > %}U{ﬂz:Mg(:c) >4

o[ 9

Since if we have both M (z) < § and Ma(x) < §, we cannot have Q(x) > a.
Thus
m{z: Q(x) > a} <m{x: M(x) > %} +m{x : Ma(x) > %}

Step 3: Bound m{z : M;(x) > §} using HL max Thm.



Note

1
IxB —gx 1 Z
I (BQT)I/pBHp _ <%/‘fXB—9XB’p)

And we can express it as HL. max function of

1
sup o - / |[fxB —9xs|" = H(fxs — 9xB)" ()

We want
p N
m{x : (H(fXB - QXB)p(x)> > 2} =miz: H(fxp —gxp)’(z) > (5)"}
And by HL. max Thm:
mie s Hfxe - gxa(@) > (50 < 220 [(7 = gbenp < 220 [17 =g <250

Step 4: Bound m{x : My(x) > 5} using Markov’s ineq.
Notice that Ms(x) is independent with 7:

1/p
RN (B CIEy
(o7 RECE

Thus

Therefore by Markov’s ineq:
m{z: Ma(a) > S} =mie: (F@) —g(@)” = 5} < = / (Fx) — gla))’ = =

Put it all together we have:

Since e is arbitrary, we finally proved that
m{z:Q(z) >a} =0 foranya«

finishing the proof.

generalization of Holder: bootstrapped Holder

Prove the following generalization of Holder’s inequality. Let 0 < s < oo and 0 < py,...,p, < 00 be such
that

1 1 1 1

P11 P2 Pn S

then

[f1fa - fulls < N frllpi [ F2llps - - L fnllp,-

We prove by induction, applying Holder’s inequality each time.
base case: If n = 1 then the result is Holder’s inequality, as proved.

Inductive step: Suppose the inequality holds for all s, p1, - - - , p,—1 such that the equality holds, then we assume



there are n positive reals pq, - - - , p, and some s > 0 s.t.

1 1 1 1
— 4+ — 4. R
p1 P2 Pn S
WTS the ineq also hold.
We set:
1 1 1 1
—= — 4+ — 4+ --- 4+
r b1 D2 Pn—1
Then we have
1 1
T Dp s

By the induction hypothesis applying to the n — 1 functions f1, ..., f,—1, we have

Lfifo-- - famtllr < AL frllpy 1 f2llpe - -l Fnllpn-s
Now we define:
9(x) == filx)fo(@) - fua(z), hz)=: folz)
Applying the classical Holder inequality with conjugate exponents r and p,,, we have:
lghlls = l[f1fz- -~ fnor - fulls < N fifo-- - faille - 1 fnllpn-
Putting it all together, we obtain:
lghlls = [If1f2 - famr - fulls < frfo - frooallr L fnllp,
< (Il =t llpas ) 1l
= [lf1llpy -~ 1 fallpn

This completes the inductive step, and thus the proof of the generalized Holder inequality.

Translated a function by ¢: f — fin L? (1 < p < o), but not in L>

For any measurable function f: R — R, set

fAx):=fx—y), zeR
(i) Suppose that f is continuous with compact support. Prove that lim,_q || f¥ — f|cc = 0.
(i) Suppose that f € LP(R) for some p € [1,00). Prove that lim,_,q || f¥ — f||, = 0.
(iii)) Prove by example that (ii) is false for p = oo.
of (a):
Suppose f is continuous with compact support &' C R, then it is uniformly continuous.
Let € > 0 and fix it. By uniform continuity, there exists § > 0 such that
lz— 2] <6 = |f(z) — f(z)| <e

For given y, we have:

/¥ = flloo = esssup| f¥(x) — f(x)| < sup|f¥(x) — f(z)| = sup|f(z —y) — f(2)]
zeR zeR zeR

Then for |y| < &: forany z, | —y—=| = |y| < 6. Thus by uniform continuity, must have | f(z—y)— f(z)| < e.



Thus we got:
IfY = flloo <€ Vlyl <0

Since ¢ is arbitrary, this proves that
lim 7 = flloe =0
of (b):
Since C,(R) is dense in LP(R) for 1 < p < oo, we can take a seq of continuous functions with compact support,

say (¢n), s.t. o, — fin LP.
Then for each y € R, we can define

From (a) we have, for each n:
ig% loh, — ¢nllc =0
Note that since each ¢,, have compact K whose measure is finite, we have:
It = onlly = [ 16 =l dm < [ sup gt = g dm = 1% = pulem(E)
Thus,
lim[lion = @nlloo = 0 == lim flop — ¢nll, =0
Also, by translation invariance of Lebesgue measure, for each y we have:

1Y = enlle = If = nllp

Therefore for each y, we can bound

1Y = Fllo < WY = enllp + llon = enllp + llon = £l
= 2l[en = fllp + llen = nllp
The construction of bound has finished. Now Let € > 0 and fix it. We first choose n large enough so that
€

and for the fixed n, we choose  s.t. for all |y| < ¢ we have
€
loh = enllp < 5
Then we have:

1Y = Fllp <€ Vlyl <9

Since e is arbitrary, this proves that
lim || fY — =0
S50 I f ||p

of (¢):
We consider
f(@) = x(0,)
We have
[flloo =1



and the sup is taken on z € (0, 1).

Then for any y, we have: We have

[F4(@) = f(@)] =[x @ —¥) = X0, ®)] =[x (@) = X0 (@)
Thus for all y > 0, on the open set (1, + 1) which has positive measure, we have | f¥(z) — f(z)| = 1;
Forall y < 0, on the open set (y, 0) which has positive measure, we have | f¥(x) — f(x)| = 1; Thus the function
/¥ — flloo With respect to y actually has a jump discontinuity at 0, since itis 0 at y = 1 and 1 elsewhere.

This serves as an counterexample that we do not necessarily have lim,_,o || f¥ — f|loc = 0.

X B AT DARRIL Lo° convergence /™5 14, M AT I H At LP convergence #FEE 5 —4¢ 1.

Criterion for L?-convergence: a.e. conv + fR43{E conv

Suppose that 1 < p < oo and that f,,, f € LP for some measure space (X, A, u). Prove that if f,, — f a.e. and
| fallp = || fllp» then || fr, — f|lp — O. Is the converse true? Hint: revisit the ‘‘Generalized DCT’’ problem on
HWS.

Recall we have proved

Let (X, A, ;1) be a measure space, and f,,, g, f,g € L', n € N. Suppose that
(@) limy o0 fr(z) = f(z) and lim,,— o0 gn(z) = g(x) for ae. z;
(b) |fn(x)] < gn(x) a.e. forevery n € N;
(©) gn: X — [0,00] and lim,, o0 [ gn dp = [ g dp.

Then we have:

Jim [ fn duz/fdu

which is the case p = 1. Now we prove the general case with the help of the case p = 1. We notice that f,, — f
in LP, is just to prove the function | f,, — f|P — 0 in L', that’s how we can use the generalized DCT.

Assume the hypothesis. Since xP is convex for p > 1, we have for any x, y:
(L) <21

2 2
Thus

(x+y)P <2071 (2P +yP)

Therefore for each n and almost every x, we have:

|[fa(@) = F@)P < (Ifal@)] + [ f(@)))P <277 (| ()P + |f(2)]P)
Hence

[fo = fIP <227 (1 £ul? + | £1P)

‘We define for each n:
gn ‘= 2p71(|fn‘p + ‘f‘p)



Since f,, — f a.e., we have | f,|P — |f|P a.e. Thus

gn(@) = 27| fu(@)P + [f(@)P) = 22| f(2) P + | f(2)P) = 22| (@) P =: g()
Note that

/ gndp =227V (| 2+ 1£12)
Since || fulp — [[£]l,» we have

Jm [ gndu =27 (1114 1117) =2 151 = [ g

Now we have (1) g, — ¢, (2) [ g» — [ g, and (3) g, is an upper bound for | f,, — f|P. Then we can apply
generalized DCT to the function seq | f,, — f|P:

Jm 1= £ = i [1fule) ~ @) du = [0du=o0
Thus
i — —ol/r =
nh_g)lo | fr fHID 0 0

This finishes the proof that f, — f in LP.
Sol. The converse does not hold.

We recall the typewriter function on [0, 1]:

fn,k(x) =

0, otherwise

We index over k € N, and for each k we index over n = 1 to 2*. That is, for given k, f,, is the indicator function
of the n-th dyadic interval.
Then

1/p
| fullp = (/ | fr () ]pdx> = (length of the dyadic interval)l/p < 97 k/p
[0,1]

Therefore, since each f,, has support of shrinking length, we get:
| frkllp =0 ask — oo

but for each z, f,, () = 1 for infinitely many (n, k). so f,,(z) does not converge to O for any z € [0, 1].
Nur fiir Verriickte

(It’s really not necessary to attempt these problems. Do not, under any circumstances, hand them in!)
1. Prove that the category of measurable spaces (see HW1) admits finite products, and that the product of
(X, A) and (Y, B) equals (X x Y, A® B).
2. Now consider the category of measure spaces (see HW2). Consider two measure spaces (X, A;, ),
i=1,2,andset X = X1 X Xo, A= A1 ® Ao, and pt = 1 X po.
(a) Prove that the projection maps X — X; are measurable, and that they are measure preserving iff
pi(X;) = 1for j =1,2. Thus (X, A, ) is not the categorical product of (X;, A;, ;) in general.
(b) Prove that even if u;(X;) = 1, the measure space (X,.A, ) is not the categorical product of
(X, A;, pi;) in general. Hint: consider the case when the X; consist of two elements, for exam-
ple X; = {0;,0;}.



